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Abstract. Given a Hamiltonian torus action on a symplectic manifold, Teleman and Fukaya have

proposed that the Fukaya category of each symplectic quotient should be equivalent to an equivariant
Fukaya category of the original manifold. We lay out new conjectures that extend this story - in certain

situations - to singular values of the moment map. These include a proposal for how, in some cases,

we can recover the non-equivariant Fukaya category of the original manifold starting from data on the
quotient.

To justify our conjectures we pass through the mirror and work out numerous examples, using well-

established heuristics in toric mirror symmetry. We also discuss the algebraic and categorical structures
that underlie our story.
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1. Introduction

We begin with an example that motivated our investigations.
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Figure 1. Cotangent bundle of two-sphere.

Example 1.1. Consider the exact symplectic manifold T ∗S2 with its canonical symplectic structure,
which we can identify with the affine variety

X = (xy + z2 = 1) ⊂ C3

with symplectic form restricted from C3. Projecting onto the z direction exhibits X as C∗-fibration
over C, with two degenerate fibres over {±1}. Write S for the zero-section in T ∗S2, which is also the
Lagrangian matching sphere over an arc Λ ⊂ C connecting the two critical values.

There is a Hamiltonian S1 action on T ∗S2 given by rotating the fibres, i.e. rotating the phases of x and y
in opposite directions. We are interested in the S1-equivariant wrapped Fukaya category of T ∗S2 which
we denote by WS1(T ∗S2).

The construction of equivariant Fukaya categories with respect to an action of a Lie group G is explained
by Daemi and Fukaya in [5, Theorem 8.3] 1. For this preliminary discussion we only need to know that
an exact compact S1-invariant Lagrangian is an object of this category, with endomorphisms given by
S1-equivariant Floer cohomology HF ∗S1(L,L), which we can identify with the usual S1-equivariant coho-
mology H∗S1(L) (just as the Floer cohomology of an exact compact Lagrangian HF ∗(L,L) is isomorphic
to H∗(L)).

The exact Lagrangian sphere S ⊂ X is preserved by the S1-action and, indeed, it defines an object of
this category. The S1-action on S is the usual S1-action on S2 with two fixed points, so we can calculate
that:

HF ∗S1(S, S) = H∗S1(S) = C[x, y]/xy

where deg x = deg y = 2. Note that here we’re using the (unique) grading structure on T ∗S2.

Now consider the set of regular values of our projection:

P = C \ {±1}
This is the pair-of-pants. The wrapped Fukaya category W(P) can easily be calculated, in particular the
endomorphisms of the arc Λ - which is a non-compact Lagrangian in P - is:

HW ∗(Λ,Λ) = C[x, y]/xy

1Other recent studies of G-equivariant Floer theory can be found in [12], [10], [4]. Though, the technical aspects of wrapped

Floer theory involving non-compact invariant Lagrangians seems not to have been addressed yet.
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Moreover, for an appropriate (and unique) grading structure on P, we can arrange that deg x = deg y = 2.

So we have observed that:

HW ∗(Λ,Λ) = C[x, y]/xy = HF ∗S1(S, S)

This strongly suggests that there is quasi-equivalence of Z-graded pre-triangulated categories:

W(P) ' WS1(T ∗S2) (1.2)

We claim that this equivalence does indeed hold but we will not give a proof in this paper (although we
will provide a heuristic mirror symmetry justification). Instead our focus will be on extrapolating from
this example to some general conjectures.

1.1. Algebraic torus fibrations. As a first generalization, consider the following set up. Let Y = Cn,
or a more general Liouville manifold, and f : Y → C be a holomorphic map with 0 as a regular value.
Then we can construct a fibration π : X → Y by setting X to be the smooth hypersurface:

X = {(x, y,w); xy = f(w)} ⊂ C2 × Y
The generic fiber of π : X → Y is isomorphic to C∗ and it degenerates to a node along the smooth
hypersurface D = {f(w) = 0}. The space X admits an Hamiltonian S1 action given by rotating the
fibers: (x, y,w) 7→ (eiθx, e−iθy,w) for eiθ ∈ S1.

More generally, suppose we have holomorphic line bundles L1, ..., Lr on Y and sections fi ∈ Γ(L⊗2
i ).

Assume that each hypersurface Di = {fi = 0} is smooth and that together they form a simple normal
crossing divisor D = ∪ri=1Di. Then we can form the smooth space:

X = {(x1, y1, . . . , xr, yr,w) |xiyi = fi(w), for all i} ⊂ Tot
(
⊕ri=1L

⊕2
i

)
The projection to w defines a fibration π : X → Y whose generic fiber is isomorphic to (C∗)r, with
singular fibres appearing over the divisor D. We also have a Hamiltonian action of an r-dimensional
torus T on X by rotating the fibers.

If r > dimY then the intersection of all the Di is empty, and it follows that the diagonal U(1) ⊂ T acts
freely. Then the quotient X ′ = X/C∗ is again a manifold fibering over Y , with generic fibre an algebraic
torus, and singular fibres appearing over the same divisor D. It carries a Hamiltonian action of the rank
r − 1 torus T/U(1). In fact if r = dim +k then there is a rank k subtorus of T which acts freely and we
can quotient by any subtorus of it.

We’ll refer to these X → Y or X ′ → Y , with their Hamiltonian torus actions, as algebraic torus fibrations.

Conjecture A. Given an algebraic torus fibration X → Y , we have a quasi-equivalence:

WT (X)−1 ' W(Y \D)

Here if we work with Z-graded categories, the grading on Y \D should be chosen so that it extends over
D. The meaning of the suffix −1 will be explained in the next section; for the moment we ignore it.

If we delete the divisor π−1D from X then what remains is just a principal (C∗)r bundle over Y \D. So
it is not too surprising that there should be a quasi-equivalence:

WT (X \ π−1D) ' W(Y \D)

and indeed this fits with a more general story about Hamiltonian reduction that we will discuss in the
next section. However, WT (X) should be a deformation of WT (X \ π−1D), since including the extra
divisor will add terms to the A∞ structure. Conjecture A is the claim that this deformation is in fact
trivial.

In Section 2 we will provide evidence for the conjecture using toric mirror symmetry; in some examples
this amounts to an (excessively indirect!) proof.
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Remark 1.3. There is also some evidence for our conjecture in the existing literature, not using mirror
symmetry, when X is a hypertoric variety associated to a special kind of hyperplane arrangement in
Y = Cn.

Fix a collection of points p1, ..., pk ∈ C. Taking the nth symmetric product produces a hyperplane
arrangement Y \D = Symn(C \ {p1, . . . , pk}). In [18] the category W(Y \D) was described explicitly, by
computing the endomorphism algebra of a particular generator.

There is also a hypertoric variety X which can be constructed as an algebraic torus fibration π : X → Y
degenerating over D, as in Conjecture A. The paper [3] studies certain algebras associated to T -invariant
Lagrangians in X, which are expected to agree with their endomorphism algebras in WT (X). And, as
was noted in [13], they are the same algebras as were found in [18].

1.2. Hamiltonian reduction. Suppose we have a Hamiltonian S1 action on a symplectic manifold X.
The information of the S1 action appears in the Fukaya category as an invertible element:

s ∈ SH∗(X)

This gives rise to a natural automorphism of the identity functor, so for each object L ∈ W(X) it provides

an automorphism sL : L
∼−→ L. Precisely, sL = CO0(s) ∈ HF 0(L,L) where CO0 is the zeroth order part

of the unital algebra map CO : SH∗(X)→ HH∗(CF ∗(L,L)) called the closed-open string map.

This s was originally constructed by Seidel [25] for compact X, and as an invertible element in the
quantum cohomology QH∗(X). When X is exact Seidel’s construction yields an element in symplectic
cohomology SH∗(X) instead [24], but in either case we can map it to Hochschild cohomology using the
closed-open map.2

In the previous section we discussed the equivariant wrapped category WS1(X). In fact, for any given
λ ∈ C∗ one can construct a version of the equivariant category

WS1(X)λ

starting from those objects of W(X) such that sL = λ1L. Teleman [30] refers to these categories as the
‘spectral components’ of the equivariant Fukaya category.

For example, an S1-invariant Lagrangian L (which is monotone, has minimal Maslov at least 2, and is
equipped with a spin structure) provides an object of WS1(X)±1. But if we give L a non-trivial local
system, whose monodromy along S1 orbits is λ, then we have an object of WS1(X)±λ.

In this paper we will focus almost exclusively on these spectral component categories, ignoring the global
category WS1(X). The reasons for this will become apparent in later sections.

Remark 1.4. The sign ambiguity above comes from the choice of spin structure on L. Namely, along the
S1-orbit of a point on L, we have two trivialisation of the tangent bundle TL, one induced from the S1

action and the other coming from the spin structure, and a negative sign appears if these do not agree,
see [31]. In particular modifying the local system by multiplying the monodromy by −1 is equivalent to
changing the spin structure.

In Example 1.1 our Lagrangian S was a 2-sphere, hence it carries a unique spin structure which induces
the bounding spin structure on each S1 orbit. This makes it an object of WS1(T ∗S2)−1.

Now consider the Hamiltonian reduction X//a S
1 at some regular value a ∈ R of the moment map µ.

There is a Lagrangian correspondence

Γ = {(x, [x]), µ(x) = a} ⊂ X− × (X//a S
1) (1.5)

2In the exact case the closed-open map SH∗(X)→ HH∗(W(X)) is known to be an isomorphism by work of Ganatra [8].
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which induces a functor

W(X)→W(X//a S
1) (1.6)

via the theory of holomorphic quilts [19, 14, 6]. Moreover, since Γ is S1-invariant we can use it to define
a functor on the equivariant Fukaya category of X. Teleman conjectures that this gives an equivalence

WS1(X)±ea ∼=W(X//a S
1) (1.7)

between the Fukaya category of the Hamiltonian reduction and the corresponding spectral component
of the equivariant category. More generally we can consider the spectral component at λ = ±ea+ib, and
this will give the wrapped category of the quotient equipped with a B-field (or perhaps a more general
bulk deformation). A theorem along these lines, for compact X, has been announced by Fukaya [7].

Remark 1.8. In general, one has to worry about whether Γ is unobstructed. If X is compact, it can occur
that Γ is only weakly unobstructed, which then necessitates choosing a bounding cochain on Γ to make
the functor (1.6) defined, in which case its target category may also get bulk deformed (as forced by the
existence of the functor (1.6) [6]).

Remark 1.9. The sign ambiguity in (1.7) is not present in Teleman’s paper; we discovered it from examples
but it can be explained as follows. Before we can use Γ to define a functor we must first equip it with a spin
structure, then it becomes an element ofWS1

(
X×(X//a S

1)
)
±1

with the sign determined as in Remark 1.4.

If Γ is not simply connected then we may be able to produce two equivalencesWS1(X)ea
∼−→W(X//a S

1)

andWS1(X)−ea
∼−→W(X//a S

1) using different spin structures. In other examples there is no choice and
one must just compute the sign.

Let us see what this point-of-view brings to our Example 1.1. The moment map there is µ = |x|2 − |y|2.
Any non-zero a ∈ R is a regular value of µ, and produces the quotient X//a S

1 ∼= C. Since W(C) ∼= 0 the
corresponding spectral component should be zero.

Given Remark 1.4, our observation (1.2) should really be the claim that:

WS1(X)−1
∼=W(P )

So the spectral component at λ = −1 is non-zero. This must correspond to the singular value a = 0 of the
moment map, where we cannot do symplectic reduction. Instead, we are simply deleting the singularities
of the moment map fibre µ−1(0) and forming the quotient:

P =
(
µ−1(0)− (0, 0,±1)

)
/S1

With this prescription we are extending the equivalences

WS1(X)−ea ∼=W(X//a S
1)

from (1.7) to the singular value a = 0.

From this example we draw the following general conclusion:

Conjecture B. Let X be a Liouville manifold with a Hamiltonian S1-manifold such that the fixed locus

XS1

has codimension four, and assume there are no finite non-trivial stabiliser groups. Let µ : X → R be
the moment map and let a ∈ R be a singular value in the interior of Imµ. Then there is a quasi-equivalence

WS1(X)−ea ∼=W(U/S1)

where U is the smooth locus in µ−1(a).
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As stated our conjecture may be too optimistic, as in general W(U/S1) may have to be bulk deformed.3

However, we will see many examples below where such a bulk deformation is absent.

Remark 1.10. Following Remark 1.9 we should justify why we have written −ea instead of ea. The
smooth locus U is an S1 bundle, but in µ−1(a) some of the S1 fibres collapse to points. So the Lagrangian
correspondence Γ should be given a spin structure which is the bounding spin structure on the orbits
- hence the minus sign. This is essentially the same argument that we used for the T ∗S2 example in
Remark 1.4.

Remark 1.11. The spectral components that are not covered either by Teleman–Fukaya’s ideas or our
Conjecture B are the components at λ = −ea+ib where a is a singular value and b 6= 0. The best we
can say about these are that (i) they should be bulk deformations of W(U/S1), and (ii) they should be
more similar to the components at generic values than they are to W(U/S1). From mirror symmetry we
should expect to see special behaviour in complex codimension one.

Most of the discussion above generalizes easily to Hamiltonian actions of a higher rank torus T = (S1)r.
Such an action produces r Seidel elements s1, ..., sr, and hence a category WT (X)λ for each λ ∈ (C∗)r.
For regular values of the moment map the corresponding componentWT (X)λ will be the Fukaya category
of the corresponding symplectic quotient of X, possibly with a bulk deformation. At singular values, our
conjecture is that we should instead - at least in some situations - take the quotient of the smooth part
of the moment map fibre.

The set-up considered in Conjecture A is a special case of this story. A moment map value (a1, ..., ar) is
regular if every ai is non-zero, and then the corresponding Hamiltonian reduction is the base Y . So taking
the spectral component at the value λ = (−ea1 , ...,−ear ) will produce WS1(X)λ ∼= W(Y ). At a more
general λ, provided each λi lies off the unit circle, we will get W(Y ), possibly with a bulk deformation.

But suppose λ1 = −1. Then the fibre of the moment map has singularities over the divisor D1, and our
conjecture is that that spectral component is

WS1(X)λ ∼=W(Y \D1)

bulk deformed by (b2, ..., br). If several λi are equal to −1 then we must delete several divisors, and at
the most special value

−1 = (−1, ...,−1)

we get the statement of Conjecture A.

Example 1.12. The simplest possible example of Conjectures A and B is to set X = C2 with the S1

action θ : (x, y) → (eiθx, e−iθy). We can view it as an algebraic torus bundle π : X → Y = C with
π(x, y) = xy, having a single singular fibre over D = {0}. The Hamiltonian reduction at generic values
of µ is C, and at the singular value a = 0 the quotient of the smooth locus is C∗. So we expect that

WS1(X)−ea ∼=W(C) ∼= 0

if a 6= 0, but that WS1(X)−1
∼=W(C∗) which is not zero.

Consider the invariant Lagrangian torus L = {|x| = |y| = 1}, and equip it with the canonical spin
structure and some choice of C∗ local system. Then we have an object of WS1(X)λ where λ is the
monodromy along S1 orbits in L. Following the discussion after Conjecture A we could delete π−1D and

3When bulk deformations are involved, one usually deforms using a closed 2-form (or a closed l-form in the ungraded
case). It is known that SH∗ has an L∞-structure [29] and one can deform the wrapped Fukaya category along those
SH∗ classes that satisfy the corresponding Maurer-Cartan equation. We also call these bulk deformations even though a

geometric construction of these bulk deformations appears not to have been carried out in the literature. To deform the
A∞-operations using a bulk class in SH2, one should sum over disks with r ≥ 0 interior punctures asymptotic to the bulk

class, divided by r!.
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consider just the C∗ bundle π : (C∗)2 → C∗. In this space L is exact, and since the S1 action is free we
can compute

HFS1(L,L) = HF (L/S1, L/S1) = H∗(S1)

regardless of the local system. This is consistent with with the equivalence (1.7) that says

WS1(X \ π−1D)−ea ∼=W(C∗)
for all values of a. But if we do the computation in X instead this answer gets deformed by holomorphic
discs. Indeed the moduli space of discs bounded by L is diffeomorphic to S1 t S1, and the S1 action is
free on each component [26, Lem. 2.16]. Moreover the boundary classes of the two S1-families of discs
differ by an orbit of a point in L,4 and their contributions cancel each other exactly when λ = −1.

So if λ 6= −1 then this object is isomorphic to zero in WS1(X)λ, but if λ = −1 we have a whole family of
non-zero objects parameterised by the remaining monodromy ν ∈ C∗ of the local system. This supports
the claim that WS1(X)−1

∼= W(C∗) but that WS1(X)λ ∼= 0 for all other values of λ. It seems that the
deformation

WS1(X \ π−1D)λ  WS1(X)λ

is trivial exactly for the special value λ = −1.

Following Remark 1.11 we can look in particular at the components WS1(X)−eib for b 6= 0. These all
appear to be zero, and hence non-trivial bulk deformations of WS1(X)−1.

In Example 2.3 we will show that all these claims are consistent with mirror symmetry.

In fact we haven’t found any examples for Conjecture B, as stated, that go beyond the set-up of Conjecture
A. But we do have a couple of rather speculative examples where we drop the condition that X is Liouville
- see Section 2.5.

1.3. Mirror symmetry. Given a Hamiltonian action S1 y X, the Seidel element makes the wrapped
Fukaya category W(X) - at least at the level of homology - linear over the ring C[s, s−1]. This can
be understood as part of a more general story of ‘topological group actions’ on categories envisaged by
Teleman [30], see Section 1.6.

Now suppose that X is mirror to an algebraic variety X̆. Then, since W(X) = Db(X̆), the mirror to s
must be an invertible element σ in:

HH0(Db(X̆)) = Γ(OX̆) (1.13)

If we have an S1 action on the symplectic side then on the mirror we have a function σ : X̆ → C∗.

Example 1.14. Take the cylinder X = T ∗S1 with the obvious S1 action. The mirror is X̆ = C∗, which
we can view as the space of C∗-local systems on the zero section S1 ⊂ X. If we equip this S1 with
the non-bounding spin structure then it follows that the mirror to the S1 action is the identity function
σ : X̆ → C∗.

More generally X might be mirror to a Landau-Ginzburg model (X̆, W̆ ). Then W(X) is equivalent to

the category of matrix factorizations MF(X̆, W̆ ), but still a function σ : X̆ → C∗ does provide a natural
automorphism of this category, so a possible mirror to the S1 action on X.

“Conjecture” C. Suppose we have a Hamiltonian S1 action on a Liouville manifold X. Suppose X has
a mirror Landau-Ginzburg model (X̆, W̆ ), and that the S1 action is mirror to a function σ : X̆ → C∗.
Then for every λ ∈ C∗ we have an equivalence

WS1(X)λ ∼= MF
(
Z̆λ, W̆ |Z̆λ

)
where Z̆λ ⊂ X̆ denotes the hypersurface σ−1(λ).

4See [15, Lem. 2.19] for a generalisation of this computation.
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The generalization to higher-rank torus actions is obvious.

This claim will be central to all the mirror symmetry evidence that we provide for our other conjectures.
However, it is not really a precise conjecture because we have not specified what we mean by ‘mirror’. In
particular it’s not enough to just assume that W(X) ∼= MF(X̆, W̆ ), as we shall see in Section 1.6.

Example 1.15. Consider
X = C2 \ {xy = 1}

equipped with the restriction of the standard symplectic form on C2. This is a log-Calabi Yau surface
which is known to be self-mirror ([22]). It is an important example because it is the simplest example of
a symplectic manifold admitting a Lagrangian torus fibration that has a singular fibre. We write

X̆ = C2 \ {x̆y̆ = 1}
for the mirror.

Now add a Hamiltonian S1 action on X by eiθ(x, y) = (eiθx, e−iθy). Using some toric mirror symmetry

(see Example 2.5) one can argue that on X̆ this becomes the non-vanishing function:

σ = −1− x̆y̆
If λ ∈ C∗ with λ 6= −1 then σ−1(λ) ∼= C∗. So the claim is that WS1(X)λ ∼= Db(C∗). But for λ = −1 we

are claiming that WS1(X)−1 should be equivalent to the derived category of the node Z̆−1 = {x̆y̆ = 0}.
We can also relate these spectral components to symplectic reduction as we discussed in the previous
section. For a regular moment map value a ∈ R \ 0, Fukaya-Teleman tell us (1.7) that

WS1(X)−ea ∼=W(X//a S
1) =W(C \ 1)

which is consistent with our mirror symmetry claims since C \ 1 is indeed mirror to C∗. At the singular
value a = 0 we can apply our Conjectures A or B which tell us to delete the singularity from µ−1(0)
before we take the quotient. The result is C \ {0, 1} which is the pair-of-pants,5 and this is indeed mirror

to the node Z̆−1.

We can also move off the real line and set λ = −ea+ib. If a 6= 0 this has no effect; all bulk deformations
of C \ {1} are trivial (there are no SH2 classes to deform with) and W(C \ {1}) ∼= Db(C∗), consistent
with the mirror. But this is not true for a = 0 and we can see from the mirror that WS1(X)−eib should
be a non-trivial deformation of WS1(X)−1 (c.f. Remark 1.11 again).

Remark 1.16. It is tempting to understand “Conjecture” C in the following way. Both W(X) and

MF(X̆, W̆ ) are categories linear over C[s, s−1], and they are equivalent over this base. For any fixed value
s = λ ∈ C we should be able to take the fibres on both sides, and get equivalent categories.

This interpretation is a useful first approximation, but it suffers from the following two defects.

(1) The Seidel element is only central in W(X) at the homology level, so one should be careful with
the definition of ‘linear over C[s, s−1]’. To be able to base-change W(X) to individual values
s = λ presumably would require some E2 structure. There is recent progress on constructing
such E2 structure in [21].

More seriously:

(2) It is not true in general that the fibre of MF(X̆, W̆ ) at s = λ is equal to the category of matrix

factorizations on the hypersurface Z̆λ. See Section 1.6.

5The grading on this pair-of-pants is different from the one in Example 1.1.
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Note that the two functions W̆ and σ on the mirror X̆ are playing very different roles, and this becomes
clearer when we discuss grading. To give W(X) a Z-grading we must choose a grading structure, which
is a homotopy class of sections of LGr(TX). On the mirror this usually6 corresponds to a choice of

‘R-charge’, i.e. a C∗ action on X̆ for which W̆ has weight 2. The function σ on the other hand must have
weight zero.

The presence of R-charge alters the grading on Hochschild cohomology so destroys the equality (1.13),

even in the case W̆ = 0. So in principle the mirror to S1 y X might be a σ with some higher-order
terms given by polyvector fields. But we will not encounter any such examples in this paper.

Remark 1.17. We have only made claims about the mirrors to spectral components WS1(X)λ, not about
the equivariant category WS1(X) itself. However, in the Z-graded situation we believe that the spectral
components, together with the non-equivariant category W(X), should determine WS1(X). This too will
be explained in Section 1.6. So in the Z-graded world, we can perhaps read “Conjecture” C as a definition
of an ‘S1-equivariant mirror’.7

It would be very interesting to understand the mirror to WS1(X) directly, and we hope to address this
in future work.

1.4. Recovering the non-equivariant category. Given S1 y X we have for each λ ∈ C∗ a spectral
component WS1(X)λ of the equivariant Fukaya category. These categories have some important extra
structure, they are linear over the ground ring of S1-equivariant cohomology:

H•S1(pt) = C[t], deg t = 2

This structure is built into the construction and all A∞ structure maps respect it. It is therefore possible
to take the fibre of WS1(X)λ at t = 0. The result is a subcategory

WS1(X)λ|t=0 ⊂ W(X)

of the ordinary wrapped Fukaya category of X, it is the full subcategory of objects L with sL = λ1L.

Example 1.18. In Example 1.1, the endomorphism algebra of S in WS1(X)−1 is the equivariant coho-
mology H•S1(S2) = C[x, y]/xy, and the equivariant parameter t maps to x+ y. Setting t = 0 we recover
the ordinary cohomology H•(S2), which is the endomorphism algebra of S in W(X).

Of course this observation is not limited to this example, it applies in general to S1-invariant exact
compact Lagrangians.

It seems reasonable to expect that WS1(X)λ is generated by invariant Lagrangians, provided that we
include the non-compact ones. Moreover, in some examples W(X) itself can be generated by invariant
Lagrangians; this happens for instance in Example 1.1 since the cotangent fibre at one of the two fixed
points is invariant and generates W(T ∗S2). In this situation it may be possible to recover the non-
equivariant category W(X) from a single spectral component WS1(X)λ of the equivariant category.

Now suppose we have the set-up of Conjecture A, with (for simplicity) r = 1. So we have a rank one
algebraic torus fibration π : X → Y degenerating over a divisor D ⊂ Y . The conjecture is that:

WS1(X)−1
∼=W(Y \D)

Since the category on the left is linear over C[t], the category on the right should be too.

There is an obvious guess for what this extra structure on W(Y \ D) is. Indeed, there is a class τ ∈
SH2(Y \D) corresponding to a simple Reeb orbit going around the divisor D once. It is sometimes called
the Borman-Sheridan class [32]. With this choice of τ , the category W(Y \D) becomes linear over C[t].8

6But not always, see [28].
7See the recent paper of Aganagic [2] for some related ideas.
8With the same technical caveat about centrality that we raised in Remark 1.16.
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Conjecture D. In the situation of Conjecture A, with r = 1, the action of t on WS1(X)−1 coincides
with the action of τ on W(Y \D).

If correct this implies that the fibre W(Y \ D)|t=0 agrees with the subcategory of W(X) generated by
objects L such that sL = −1L. If this is the whole of W(X) - which looks roughly equivalent to asking
that W(X) is generated by invariant Lagrangians - then it follows that:

W(Y \D)|t=0
∼= W(X) (1.19)

We expect this to hold whenever the wrapped category of Y is zero, which will be true if Y is a subcritical
Weinstein manifold such as Cn. In particular it should work for Example 1.1. In the next section we’ll
discuss this in more detail, including the mirror picture.

When it holds, the equivalence (1.19) opens a route to proving some new instances of homological mirror
symmetry, by bootstrapping up from a theorem about Y to a theorem about X.

Remark 1.20. In our discussion after Conjecture A we noted that the deformation

WS1(X \ π−1D)−1  WS1(X)−1

must be trivial. But now we can refine this: the A∞-structure is not deforming, but the C[t] structure
is. On the quotient we are starting with the trivial C[t] structure on W(Y \D) and deforming it to the
non-trivial one where t acts as τ . The class τ itself relates to the formal deformation of W(Y \D) to the
relative category W(Y,D), which is the subject of our next section.

Remark 1.21. A more precise version of “Conjecture” C would also include C[t] structures. If the mirror

to S1 y X is σ : X̆ → C∗ then each category Db(Z̆λ) is automatically linear over C[t], because the

presentation of Z̆λ as a hypersurface provides a choice of t ∈ HH2(Z̆λ). This should agree with the C[t]
structure on WS1(X)λ.

If the mirror is an LG model then we again have an automatic choice of

t ∈ HH2
(

MF(Z̆λ, W̆ |Z̆λ)
)

but now t might be recording that the superpotential W̆ |Z̆λ is varying with λ, rather than the hypersurface
itself. Or they might both be deforming.

1.5. Relative Fukaya categories. Suppose again we have the setup of Conjecture A with r = 1. On
the base space Y we can consider the relative wrapped Fukaya category:

W(Y,D)

This category is, by construction, linear over a power series ring C[[h]] where deg h = 0. The relative
Fukaya category was first considered by Seidel in [27]. The objects are exact Lagrangians in Y \D, which
may be non-compact but must stay away from D, i.e. they should not asymptotically approach to D.

Setting h = 0 in the relative category recovers the full subcategory of W(Y \ D) spanned by these
same Lagrangians. If instead we invert h, we get the ordinary wrapped Fukaya category W(Y ), with h
essentially becomes the Novikov parameter (c.f. [16, Lemma 1.2]). So the relative category captures the
‘total space’ of the formal deformation with central fibre W(Y \D) and generic fibres W(Y ).

Now consider the space X. The S1 action makes W(X) linear over the ring C[s±1]. At a generic value
λ of s one expects that WS1(X)λ is equivalent to W(Y ), possibly with a bulk deformation. At λ = −1,
our Conjecture A is that WS1(X)−1

∼=W(Y \D).

Comparing the previous two paragraphs we reach the following conclusion:

Conjecture E. Suppose we have the setup of Conjecture A with r = 1. Then the relative wrapped Fukaya
category W(Y,D) is equivalent to the completion of W(X) at s = −1.
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If we express this in terms of mirror symmetry as in Section 1.3 then we are claiming the following.
Suppose X is mirror to (X̆, W̆ ) and the S1 action is mirror to a function σ : X̆ → C∗. Then W(Y,D)
will be equivalent to the category of matrix factorizations on the formal scheme obtained by completing
X̆ along the divisor Z̆−1 = σ−1(−1).

Remark 1.22. Conjecture E suffers from the same technical defect (1) discussed in Remark 1.16: we
probably need some E2 structure to be able to completeW(X) over C[s, s−1]. But the more fundamental

problem (2) does not apply here, because (unlike when we take fibres) completing the category MF(X̆, W̆ )

should give the same result as completing the space X̆.

Remark 1.23. The relative category W(Y,D) is linear over C[[h]], and the completion of W(X) is also
linear over a power series ring. We’re implicitly claiming that these structures agree, and for this to be
compatible with Conjecture D we need that h = s + 1 to first-order. But, in general, there might be
higher-order corrections. We expect this to be controlled by the quantum Kirwan map (c.f. [33]).

Remark 1.24. One could formulate Conjecture E more generally in the setup of Conjecture B. If there
are multiple singular fibres then there will be a relative Fukaya category for each singular value, and the
claim is that each is equivalent to the completion of W(X) at some corresponding value of s.

Perhaps the most interesting situation for this conjecture is the case when W(Y ) ∼= 0, as we discussed
in the previous section. In this case we expect from (1.7) that λ = −1 is the only non-zero spectral
component of WS1(X).

On the mirror side this is the statement that

MF
(
Z̆λ, W̆ |Z̆λ

) ∼= 0 for all λ 6= −1

which says that the restriction of W̆ to Z̆λ has no critical points if λ 6= −1. It follows that Crit(W̆ ) is

contained (set-theoretically) in Z̆−1, and hence completing X̆ at Z̆−1 has no effect on the category of

matrix factorizations.9 Equivalently, the subcategory MFZ̆−1
(X̆, W̆ ) of matrix factorizations supported

on Z̆−1 is in fact the whole of MF(X̆, W̆ ).

Returning to the A-side, we conclude that if W(Y ) ∼= 0 then completing W(X) at s = −1 has no effect.
Equivalently, W(X) is generated by objects L such that sL = −1L. So (1.19) holds, and Conjecture E
becomes the claim that W(Y,D) and W(X) are equivalent.

To understand this claim in more detail we draw the following diagram:

MF(X̆, W̆ ) W(X) W(Y,D)

MF(Z̆−1, W̆ |Z̆−1
) WS1(X)−1 W(Y \D)

i∗

' '
F

h=0i∗

'

t=0

G

'

(1.25)

Here the categories along the top row are all supposed to be equivalent, as are the three categories along
the bottom. The vertical arrows are an adjunction.

On the B-side the adjunction is obvious, it’s given by pushing forward or pulling back along the inclusion
i : Z̆−1 ↪→ X̆. On the symplectic manifold X only the upward functor is obvious - it’s the functor
from Section 1.4 which takes an invariant Lagrangian in WS1(X)−1 and regards it as an object of W(X)
instead. The adjoint to this functor is less clear.

Curiously, on the base Y it is the downward functor which is obvious - just set the deformation parameter
h to zero - and the upward functor which is a little more surprising.

9If the restriction of W̆ to some divisor Z̆ has no critical points, then it follows that W̆ has no critical points in a formal

neighbourhood of Z̆. But the converse is not true. This elementary fact will be significant in the next section.
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Our conjectured equivalence G : W(Y \ D)
∼−→ WS1(X)−1 should roughly be given by the Lagrangian

correspondence Γ associated to µ−1(0), see (1.5). So, at least approximately, it sends a Lagrangian Λ to
the invariant Lagrangian π−1(Λ) ∩ µ−1(0).

On the top line, the functor F :W(X)
∼−→ W(Y,D) needs to be adjoint to G, so it’s given by the same

correspondence Γ but viewed as a functor in the opposite direction. To apply this functor to a Lagrangian
L ⊂ X we must perturb until L intersects µ−1(0) transversely, then we project L ∩ µ−1(0) down to Y .

Remark 1.26. If we drop the condition that s = −1 is the only non-zero component then we can still
draw this diagram, the only change is that F is no longer an equivalence. It is mirror to the restriction
from X̆ to the formal completion of X̆ along Z̆−1.

Example 1.27. Revisiting Example 1.1, Conjecture E claims that we have an equivalence:

W(T ∗S2) ∼=W(C, {±1}) (1.28)

In this example we can compute the effects of all functors in (1.25) quite explicitly.

Take a straight arc in C from either puncture to infinity, i.e. either Λ2 or Λ3 in Figure 1.27. Under G
they lift to the cotangent fibres at the two fixed points. These objects are not isomorphic in WS1(X)−1,
but they become isomorphic when we pass toW(X) since all cotangent fibres are isomorphic there. If we
want to now apply the functor F we must take a cotangent fibre at a generic point so that it intersects
µ−1(0) transversely, and the result is the arc Λ4. So the ‘surprising’ functor W(Y \ D) → W(Y,D)
appearing in the third column of (1.25) sends both Λ2 and Λ3 to Λ4.

As a test of our claimed equivalence (1.28) we can compute HomW(Y,D)(Λ4,Λ4) directly using the wrapped
Floer complex. The result is

C〈u, v〉[h]

(u2, v2)
, du = h · 1, dv = h · 1, |u| = |v| = −1

and it is easy to see that this is quasi-isomorphic to C[x] with |x| = −1, which is indeed the endomorphism
algebra of a cotangent fiber in W(T ∗S2).

If we apply G to the arc Λ from Example 1.1 then we get S2, as an object of WS1(X)−1. But applying
F to S2 ∈ W(X) does not produce Λ; no arc ending at 1 or −1 can be in the image of F . In fact F (S2)
is a figure-eight encircling both punctures.

Λ2 Λ3

Λ4

Figure 2. Lagrangians in C \ {±1}.

Remark 1.29. The ‘surprising’ functor W(Y \D) → W(Y,D) formally is given by setting the Borman-
Sheridan class τ to zero. We can get a more explicit understanding by passing through the mirror.

On the B-side, the composition i∗i∗ acts on objects as

i∗i∗ : E 7→
[
E tE−→ E [2]

]
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where tE is the HH2 class from Remark 1.21 evaluated on the object E . On the A-side, this corresponds
to taking a Lagrangian L ⊂ Y \D and forming the twisted complex[

L
τL−→ L[2]

]
where τL is the image of τ under the closed-open map CO0 : SH∗(W(Y \D))→ HF (L,L). But we claim

that this twisted complex can be represented by an object L̃ which does not asymptote to D, so it can be
viewed as object of the relative category W(Y,D). On the level of objects we believe this is our functor.
It’s easy to see that this consistent with our discussion of the objects Λ,Λ2 and Λ3 in the example above.

Note that if L does not have an end converging to D then we should have τL = 0, and so the result of
applying the functor should be just L⊕L[1]. On the mirror this is what happens when E = i∗F for some

F ∈ MF(X̆, W̆ ).

Remark 1.30. We could also consider the relative category:

W(X,π−1D)

This will be linear over C[[h]], and it should also have a C[s, s−1] structure coming from the S1 action.
We believe that these two structures are essentially the same, and this encapsulates many of our claims.
See Example 2.3 for an example (on the mirror side) of what we mean by this.

1.6. Topological S1 actions on categories and the KRS 2-category. The structures that we
have encountered can be understood more clearly using the framework of ‘topological group actions’
on categories sketched by Teleman in [30]. In this section we’ll give a brief explanation of these ideas,
restricting only to the case of topological S1 actions. The generalization to actions of higher rank tori is
easy; the non-abelian case is considerably deeper but we won’t need it.

To first approximation a topological S1 action on a category C is a choice of natural automorphism
s : 1C → 1C of the identity functor, or equivalently a C[s, s−1] structure on C. We saw in Section 1.3 that
the Seidel element provides this structure on C =W(X) when X is a Hamiltonian S1-manifold. On the

mirror side, a non-vanishing function on X̆ provides this structure on C = Db(X̆).

A heuristic general explanation for this definition goes as follows. Imagine that C is a topological category
(or ∞-category) with a space of objects ObC . Then the space of automorphisms of any object x ∈ ObC
is, by definition, the based loop space ΩxObC . A ‘topological S1 action’ means an action S1 y ObC , and
then for any object x we have an automorphism sx : x

∼−→ x given by the orbit of x under the S1 action.

If we have a topological S1 action on C we can then ask about the equivariant category. A natural
definition of an ‘equivariant structure’ on an object x is a choice of contracting homotopy h of the loop
sx (this is analogous to the definition of an equivariant sheaf). Such an h induces - up to homotopy -
an S1 action on ΩxObC , and then the automorphism space of (x, h) in the equivariant category will be
something like the homotopy quotient ΩxObC ×S1 ES1. Hence, if we linearize by replacing spaces with
their cohomology, we expect the equivariant category to be linear over H•(BS1) = C[t].

More algebraically, this discussion suggests that the equivariant category should be the fibre of C at the
point s = 1. And indeed, the fibre category is always linear over C[t].10 More generally we could take
the fibre at some value s = λ and interpret this as a ‘twisted equivariant category’. This looks like it
could be the correct framework for the equivariant Fukaya categories WS1(X)λ and the mirror symmetry
picture from Section 1.3.

Unfortunately (as we warned in Remark 1.16) this story is too simplistic.

Example 1.31. [30, Example 4.5.] Let S1 act on Cn with the standard diagonal action, so the non-
empty symplectic quotient is Pn−1. Then F(Pn−1) is a spectral component of W(Cn). But W(Cn) ∼= 0
and F(Pn−1) � 0, so the latter cannot possibly be a fibre of the former.

10This is for the same reason that the derived category of a hypersurface is linear over C[t], see Remark 1.21.
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That example cannot be Z-graded, but the next one can.

Example 1.32. The simplest example for Conjecture A is X = C2 mapping to Y = C via the map
π = xy, as we considered in Example 1.12. Our conjecture is that WS1(X)−1

∼= W(C∗). Since this is
non-zero, it cannot be a fibre of W(X).

On the mirror side these two examples are quite similar: the mirror superpotential W̆ has no critical
points, but the restriction of W̆ to a hypersurface Z̆λ does have critical points.11 So MF(W̆ ) ∼= 0 but

MF(W̆ |Z̆λ) � 0. This is obviously a general phenomenon and illustrates sharply why MF(W̆ |Z̆λ) cannot

be a fibre of MF(W̆ ).

Teleman’s solution to this puzzle uses the Kapustin-Rozansky-Saulina 2-category. This is a conjectural
construction from 3D topological field theory (Rozansky-Witten theory) that associates a 2-category to
a holomorphic symplectic manifold M .

An object of this 2-category KRS(M) is a choice of holomorphic Lagrangian L ⊂ M , together with a
category CL which is linear over L, i.e. which carries an action of the tensor category Coh(L). In particular
each L defines an object by setting CL = Coh(L). These special objects should generate KRS(M), so
using the Yoneda embedding we can view a general object X as an operation

L 7→ HomKRS(M)(L,X)

which associates a (1-)category to each Lagrangian. We need this perspective for our version of equivariant
mirror symmetry (see below). It also has the advantage that we can immediately handle objects X
supported on singular Lagrangians, by viewing them as on operation on smooth Lagrangians.

For topological S1 actions the relevant holomorphic symplectic manifold is the shifted cotangent bundle:

M = T∨[−2]Gm = SpecC[s±1, t]

In the Z2-graded world this is symplectic, in the Z-graded world it is shifted-symplectic. The latter is
much easier because then there are very few (smooth) Lagrangians. Indeed the only possible L’s are the
zero section and the cotangent fibres, and these intersect in a very simple way. So in the Z-graded world,
an object of KRS(T∨[−2]Gm) should be the following data:

(i) A C[s±1]-linear category C.
(ii) A C[t]-linear category Dλ for each λ ∈ C∗.
(iii) For each λ an embedding

C|λ ↪→ Dλ
where the source is the fibre of C at s = λ, and the image is the subcategory of Dλ consisting of
objects supported at t = 0.

(iv) For each λ an embedding
(Dλ)|0 ↪→ C

where the source is the fibre of Dλ at t = 0 and the image is the subcategory of C consisting of
objects supported at s = λ.

Remark 1.33. (iii) and (iv) might be equivalent. They arise from considering the morphisms between the
zero section and the cotangent fibres in KRS(T∨[−2]Gm), which we have not discussed.

One of Teleman’s insights is that a “category with a topological S1-action” is really an object of
KRS(T∨[−2]Gm). In the Z-graded world we can view it as a system of categories as described above.

On the B-side we get an example by taking a smooth variety X with a function σ : X → C∗ and setting

C = Db(X) and Dλ = Db(Zλ)

11In the second example, W̆ |Z̆−1
is identically zero, see Example 2.3.



EQUIVARIANT FUKAYA CATEGORIES AT SINGULAR VALUES 15

where Zλ = σ−1(λ). Here (iii) becomes the fact that the fibre of Db(X) at s = λ is Perf(Zλ), which is
also the subcategory of Db(Zλ) on which t acts nilpotently. And (iv) is the fact that setting t = 0 in
Db(Zλ) recovers the subcategory Db

Zλ
(X) ⊂ Db(X) of objects supported on Zλ.

More generally, we can take an LG-model (X,W ), with R-charge, equipped with a function σ : X → C∗.
Then we set C = MF(X,W ) and Dλ = MF(Zλ,W |Zλ).

On the A-side, we should get an example by taking a graded Hamiltonian S1-manifold X and setting:

C =W(X) and Dλ =WS1(X)λ

If all fibres of the moment map are regular we should be able to replace each WS1(X)λ by

W(X//log |λ|S
1, arg(±λ))

as discussed in Section 1.2. In the situation of Conjecture A we should get an example if we set C =W(X),
set Dλ =W(Y ) for λ 6= −1, and set D−1 =W(Y \D).

In fact on the A-side we can be more direct. The full equivariant category WS1(X) should in a natural
way be an object of KRS(T∨[−2]Gm), supported on some Lagrangian L, and it should induce the systems
of categories above. But we don’t know the analogue of this on the B-side, c.f. Remark 1.17.

Remark 1.34. If we are Z-graded, and each category Dλ is smooth and proper, then t must be torsion
(since deg(t) = 2). It follows that (iii) must be an equivalence C|λ

∼−→ Dλ. In this situation the category
C determines everything and the simpler story described earlier in this section is enough, c.f. [30, Remark
3.2]. In the KRS 2-category we just have the category C, supported on the Lagrangian {t = 0}.
But Example 1.32 demonstrates that the simpler story fails under just the assumption of Z-grading alone.
In that example we have D−1 = W(C∗), and we claim that the C[t] structure is just the co-ordinate
function, i.e.

D−1
∼= SpecC[t±1]

(see Example 2.3). So D−1 � 0, but it contains no objects supported at t = 0. This object of
KRS(T∨[−2]Gm) is supported on the incomplete Lagrangian {s = −1, t 6= 0}.

2. Toric mirror symmetry

In this section we first review some heuristics in mirror symmetry, which are well-known, and possibly
all established.12 We then discuss a series of examples giving evidence for the conjectures of Section 1.

2.1. General heuristics. The starting point is a torus T ∼= (C∗)n. The mirror to T is just the dual
torus T∨. From here we get to more complex examples by applying the following two constructions:

(1) We can partially compactify T to a toric variety X. On the mirror side this corresponds to adding

a superpotential W̆ ∈ Γ(OT∨), so the mirror to X is a Landau-Ginzburg model (T∨, W̆ ). More
precisely, the rays of the toric fan for X give a finite set of points in the lattice

L = Hom(C∗, T ) = Hom(T∨,C∗)

and W̆ is the corresponding Laurent polynomial.13

If we start on the A-side with the wrapped Fukaya categoryW(T ) then adding in the toric boundary
∂X deforms the category, and this corresponds on the mirror to deforming Db(T∨) to the category

of matrix factorizations MF(T∨, W̆ ).

12But chasing the references throughout the vast literature on this subject is beyond the capabilities of the authors.
13A more sophisticated version includes toric stacks.
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In the other direction, adding W̆ to T∨ changesW(T∨) by introducing stops at infinity. This means
that certain non-compact Lagrangians become non-zero objects, and these correspond to complexes
in Db(X) supported on ∂X.

One can of course swap the roles of T and T∨ here, and we can also do both operations to both
sides, so the mirror to a toric LG model (X,W ) is another toric LG model (X̆, W̆ ).

(2) Suppose X is the total space of a line bundle L over a base B. Given a section f ∈ Γ(B,L∨) of the
dual line bundle we have an induced superpotential W = pf on X, where p is the fibre co-ordinate.
Then the LG model (X,W ) is equivalent to the variety:

H = {f = 0} ⊂ B

More generally one can introduce a function g ∈ Γ(OB) and set W ′ = pf + g, then the LG models
(X,W ′) and (H, g|H) are equivalent.

On the B-side this phenomenon is called Knörrer periodicity, and it’s been proven by many people
([20],...) that MF(X,W ′) ∼= MF(H, g|H). On the A-side the analogous result has also been established
recently [11, Thm. 1].

To these two well-established heuristics we add a third, following Section 1.3.

(3) Suppose we have a mirror pair of toric LG models (X,W ), (X̆, W̆ ) as in (1). A choice of 1-parameter
subgroup l ∈ L determines an S1 action on X, and also a monomial function l ∈ Γ(OX̆). The mirror
to the S1 action is the function:

σ = l

We require that W is invariant under the S1 action, meaning that every monomial in W lies in the
sublattice 〈l〉⊥ ⊂ L∨. It follows that σ is a non-vanishing function on X̆.

Remark 2.1. These heuristics only work as stated under the assumption that X is exact or monotone,
or more generally satisfies Assumption 1.4 of [1], which guarantees that W̆ and σ don’t receive any
higher-order corrections involving Novikov parameters.

Remark 2.2. Arguably our presentation here is backwards. Since a toric variety is a symplectic reduction
of a vector space, you can derive heuristic (1) from (1.7), “Conjecture” C, heuristic (3), and the knowledge
that the mirror of CN is ((C∗)N, x̆1 + ...+ x̆N ). And this seems closer to the original physical derivation
of toric mirror symmetry.

Example 2.3. Recall the very simple Example 1.12 where X = C2. We view it as fibred over Y = C
via the map π = xy which has a single singular fibre over D = {0}. The fibration is preserved by the S1

action on X with weights (1,−1).

Following heuristic (1) above, the mirror to X is the LG model X̆ = (C∗)2 with W̆ = x̆+ y̆. And heuristic
(3) says that the mirror to the S1 action is the function σ = x̆/y̆. If we want to have a Z-grading the

only option is that deg(x̆) = deg(y̆) = 2, and then deg(W̆ ) = 2 but deg(σ) = 0, as required.

If we want to make the C[s±1] structure completely explicit we can change co-ordinates and declare that
the mirror to X is

(C∗y̆ × C∗s, (1 + s)y̆) (2.4)

If we slice at s = −1 we just get C∗y̆ with no superpotential. So our “Conjecture” C predicts:

WS1(X)−1
∼= Db(C∗)

This fits Conjecture A since Y \D = C∗ is self-mirror. If we slice at value s 6= −1 we get the mirror to
Y = C, and indeed the category is zero on either side of the mirror. This supports the claims we made
in Example 1.12.
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The C[t] structure on Db(C∗y̆) is evidently just the co-ordinate function, t = y̆ (see Remark 1.21). Note

that this is consistent with the grading since deg(y̆) = 2. It also matches the Borman-Sheridan class on
W(C∗), which counts the additional holomorphic disc that appears once we fill in the puncture. From
the same picture we can see that the relative Fukaya category on the base must be

W(Y,D) ∼= MF
(

SpecC[y̆±1][[h]], hy̆
)

which is indeed the completion of (2.4) at s = −1, matching Conjecture E. But this last observation is
vacuous, since both categories are zero.

We can look more carefully at our proposed equivalence W(C∗) ∼−→ WS1(X)−1, i.e. the functor G from
(1.25). If Λ ⊂ C∗ is an arc from 0 to ∞ then it’s clear that G(Λ) will be an S1-invariant Lagrangian
thimble L. The claim is that such an L is a generator of WS1(X)−1 and has endomorphism algebra
C[t±1]. Presumably one could check this claim directly.

Finally, let us fulfil our promise in Remark 1.30 and discuss the relative category W(X,π−1D). Since
π−1(D) here is just the toric boundary {x̆y̆ = 0}, it’s clear that the relative category is mirror to:

MF
(
C[x̆±1, y̆±1][[h]], h(x̆+ y̆)

)
∼= MF

(
C[y̆±1, s±1][[h]], h(1 + s)y̆

)
Here we have applied the same co-ordinate change as above. We see that the C[s±1] structure and the
C[[h]] structure are tied together in that they act through the product h(s+ 1). It follows that once we
slice at s = −1 the deformation in the h direction is trivial; this is our claim that adding in π−1(D) does
not deform the equivariant Fukaya category of X \D. But the C[t] structure on the slice does deform,
because t = hy̆. This should be a general phenomenon.

2.2. Torus fibrations over a torus.

Example 2.5. For a variation on Example 2.3, set X to be the open variety X = C2 \ {xy = 1} and
consider the projection:

π = xy − 1: X → Y = C∗

We considered exactly this X in Example 1.15. It’s an algebraic torus fibration with a single singular
fibre over D = {1} and it’s again preserved by the S1 action with weight (1,−1). The difference with
Example 2.3 is that now Y = C∗ is log-Calabi-Yau and W(Y ) 6= 0. So we expect that W(X) will be
supported over the whole of C∗s and not just at s = −1.

To apply our mirror symmetry heuristics we view X as the hypersurface:

X = (z − xy + 1) ⊂ C2
x,y × C∗z

Then by heuristic (2) it is equivalent to the LG model:

C3
x,y,p × C∗z, W = p(z − xy + 1)

Without W the mirror would be (C∗)4 with superpotential W̆ = x̆+ y̆ + p̆, and σ = x̆/y̆. The presence
of W induces a partial compactification of the mirror. To see what this is we perform the co-ordinate
change

z 7→ pz, y 7→ pxy

so now W = z − y + p. On the mirror we have to perform the dual co-ordinate change:

p̆ 7→ p̆z̆y̆, x̆ 7→ x̆y̆

So the mirror is
C3
y̆,z̆,p̆ × C∗x̆, W̆ = (1 + x̆)y̆ + y̆z̆p̆ (2.6)

with σ = x̆.

Using heuristic (3) we can remove the y̆ direction and get that the mirror is the hypersurface

H̆ = (1 + x̆+ z̆p̆) ⊂ C2
z̆,p̆ × C∗x̆
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which is in fact isomorphic to X. If we view H̆ as an open subset of C2
z̆,p̆ then σ = −1− z̆p̆, as claimed

in Example 1.15. We saw there how slicing at different values of σ supports our conjectures.

Completing H̆ at λ = −1 produces the formal smoothing of the node, and this agrees with the relative
Fukaya category W(Y,D) as in Conjecture E. But it is not the same as H̆, reflecting the mirror fact that
W(X) is not generated by invariant Lagrangians. The subcategory generated by invariant Lagrangians,
which is the fibre of WS1(X)1

∼= Db(z̆p̆ = 0) at t = 0, should be equivalent to the subcategory

Db
z̆p̆=0(H̆) ⊂ Db(H̆)

of objects supported on the node.

The previous example generalizes immediately to rank 1 algebraic torus fibrations over a torus Y = (C∗)n.
Given a divisor D = (f) ⊂ Y we have an algebraic torus bundle

X = (xy − f) ⊂ C2
x,y × Y

with an S1 action having weights (1,−1) on (x, y) and fixing Y .

First we construct the mirror to D. Since D is a hypersurface in the torus Y we can use heuristic (2) to
replace it with the LG model (Y ×Cp, pf). If we consider instead (Y ×C∗p, pf) then the mirror would be

a toric Calabi-Yau D̆ of dimension n + 1, determined by the Newton polytope of f . Adding the divisor
p = 0 induces a superpotential W̆ on the mirror, and W̆ is the monomial cutting out the toric boundary
∂D̆.

Next we consider the mirror to Y \D. This is the hypersurface (z − f) ⊂ C∗z × Y so it’s equivalent to

the LG model W = p(z − f) on Cp × C∗z × Y . Then the mirror is D̆ × A1
z̆ with the superpotential W̆ z̆.

By heuristic (2) we deduce that the mirror to Y \D is the toric boundary of D̆.

Finally we can discuss the mirror for X. Once again we replace X with an LG model C3
x,y,p × Y with

W = (xy − f)p. The mirror is D̆ × Cy̆ × C∗x̆ with superpotential

x̆y̆ + y̆ + y̆W̆

and the mirror to the S1 action is σ = x̆. Using heuristic (2) and writing s = x̆ we get that the mirror
to X is the hypersurface:

X̆ = (W̆ + 1 + s) ⊂ D̆ × C∗s
This is isomorphic to D̆ \ {W̆ = −1}. Projecting onto s exhibits it as a family of tori, degenerating at

s = −1 to the toric boundary ∂D̆. This matches our conjectures that a generic fibre of F(X) should be
F(Y ) and the fibre at s = −1 should be W(Y \D).

If we want the relative Fukaya category F(Y,D) we identify Y \D with the hypersurface (z−f) as above,
and note that D is now the divisor z = 0. So the mirror to F(Y,D) is

D̆ × A1
z̆ × Spf C[[h]], W̆ z̆ + hz̆

which is equivalent to the completion of X̆ at s = −1.

2.3. Torus fibrations over affine space. The construction of the previous section can be adapted to
rank 1 algebraic torus fibrations over affine space by partially-compactifying Y = (C∗)n to Y = Cn. On
the mirror side this introduces n extra monomials in the superpotential.
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Example 2.7. In Example 2.5, we can extend Y to Y = C and X to X = C2. Obviously this just
a translation of Example 2.3, but in our mirror description this is slightly less obvious. Adding in the
divisor {z = 0} adds a monomial to W̆ , and the mirror becomes:

C3
y̆,z̆,p̆ × C∗x̆, W = x̆y̆ + y̆ + y̆z̆p̆+ z̆

Using heuristic (2) this is equivalent to the hypersurface

(y̆p̆+ 1) ⊂ C2
y̆,p̆ × C∗x̆

equipped with the superpotential x̆y̆ + y̆. This is the mirror from Example 2.3.

Example 2.8. We started this paper with Example 1.1, the symplectic manifold X = T ∗S2 obtained as
the hypersurface (xy − z2 + 1) ⊂ C3. This is an algebraic torus fibration over Y = C degenerating over
the two points D = (z2 − 1). Now let’s find the toric mirror.

We start with the mirror to D, viewed as a divisor inside C∗. Following the previous section the mirror
is the LG model

D̆ = Tot
{
O(−2)→ P1

ŭ:v̆

}
, W̆ = ŭv̆p̆

where p̆ is the fibre co-ordinate. Note that W̆ has two isolated non-degenerate critical points, which is
consistent with it being mirror to D̆.

The mirror to C∗ \D is the toric boundary ∂D̆. The mirrors to punctured surfaces are well-studied, and

∂D̆ is the ‘balloon-chain’ mirror, see for example [17].

Let Xo be the intersection of X with the torus, so it’s an algebraic torus fibration over C∗, and it’s X
with one smooth fibre cut out. The mirror to Xo, still following the previous section, is:

X̆o = D̆ \ {ŭv̆p̆ = −1} (2.9)

So Xo is self-mirror.

To get the mirror to X itself we take the LG model mirror to Xo and add one extra term to the
superpotential, dual to {z = 0}. The result is:

D̆ × Cy̆ × C∗s, y̆(1 + s) + y̆ŭv̆p̆+ p̆ŭ2

It’s a little harder to interpret this model geometrically but we can make some observations:

• If we fix the value of s to any value except s = −1 then the superpotential on that divisor has
no critical points, so the category of matrix factorizations is zero. This fits our conjectures since
F(Y ) ∼= 0.

• On the divisor {s = −1} we can use heuristic (2) to remove the p̆ direction and we get the
hypersurface

H̆ = (y̆ŭv̆ + ŭ2) ⊂ P1
ŭ:v̆ × Cy̆

which is an affine variety isomorphic to the node. This fits our conjectures, since Y \ D is the
pair-of-pants.

• On any slice {s = λ} the critical points of the superpotential of are contained in the affine chart
where v̆ 6= 0. Therefore we can delete the locus {v̆ = 0} and get an equivalent model. After an
obvious co-ordinate change the result is:

C3
ŭ,p̆,y̆ × C∗s, (y̆ − p̆)(1 + s) + y̆ŭp̆ (2.10)

• It’s instructive to compare this with Example 2.5, specifically the LG model (2.6). There we saw
the derived category of the node appearing at s = −1, and the generic fibre was a smoothing of
the node. Here we have a more abstract deformation of the node where the generic fibre is zero.

On the A-side one can deform the wrapped category of the pair-of-pants either by capping off
one puncture or by capping off two punctures simultaneously. Example 2.5 was the former, this
is the latter.
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In all such examples we have Y = Cn and hence W(Y ) ∼= 0. As we explained in Section 1.5, it should
follow that

Crit(W̆ ) ⊂ {s = −1}
and it easy to check that this is indeed true in the two examples above.

2.4. Hypertoric quotients.

Example 2.11. The manifold T ∗S2 is not just symplectic but actually hyperkähler, and can be obtained
as a hyperkähler quotient of C4. This gives another perspective on Example 2.8.

Take the hypersurface

X = (xy + zw − 1) ⊂ C4

which symplectically is T ∗S3. If we let U(1) act on C4 with weights (1,−1, 1,−1) then X is preserved
and the action on it is free. Taking the symplectic quotient at the moment map value a = 0 gives T ∗S2.
At other values of a we get a non-exact symplectic manifold which is diffeomorphic to T ∗S2, and it is
known that the wrapped category of all these non-exact quotients is zero [24].

So from (1.7) we expect the spectral component WS1(X)λ to be equivalent to W(T ∗S2) for one value of
λ, either λ = 1 or λ = −1, and zero for all other values of λ. To nail down the sign one can compute that
the Lagrangian S3 in X, with its unique spin structure, defines an object of WS1(X)1 (see Remark 2.17
below). So we expect that:

WS1(X)1
∼=W(T ∗S2) and WS1(X)λ ∼= 0 for λ 6= 1

But we can upgrade this, because X is actually preserved by a rank 2 torus T , acting on (x, y) and
(z, w) separately. This induces a residual S1 action on the quotient T ∗S2 which is the same action we
considered previously. The obvious prediction is that:

WT (X)(λ,λ−1)
∼=WS1(T ∗S2)λ and WT (X)(λ,µ)

∼= 0 for λµ 6= 1 (2.12)

Projecting X to C via xy exhibits it as a rank 2 algebraic torus fibration degenerating over the two points
D0 = {0}, D1 = {1}, as in Conjecture A. Taking the S1 quotient we recover our previous picture of T ∗S2

as a rank 1 torus fibration degenerating over the divisor D = D0 ∪D1.

Now we can construct the toric mirror, and since we have a rank 2 torus action here the mirror should be
defined over SpecC[s±1 , s

±
2 ]. Following the prescriptions of the previous section the result is the Landau-

Ginzburg model C3
y̆,w̆,p̆ × (C∗)2

s1,s2 with:

W̆ = y̆w̆p̆+ (1 + s1)y̆ + (1 + s2)w̆ (2.13)

To get the mirror to T ∗S2 we restrict to a divisor s1s2 = 1, which recovers (2.10) after an obvious
co-ordinate change. It’s also easy to check that setting s1s2 = λ for any value λ 6= 1 results in a
superpotential with no critical points. So our prediction (2.12) is consistent with the mirror.

If we set s1 = −1 and s2 = −1 we get the mirror to the pair-of-pants again. But with this approach we
get a C[t1, t2] structure on MF (y̆w̆p̆), the two HH2 classes being t1 = y̆ and t2 = w̆. They are mirror to
capping off two punctures separately.

Also note that Crit(W̆ ) is contained in {s1 = s2 = −1}, which is mirror to the fact that WT (X)(−1,−1)

is the only non-zero spectral component.

The previous example has an immediate higher-dimensional generalization.
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Example 2.14. We can get the symplectic manifold T ∗CPn as a hyperk ahler quotient of C2n+2. We
take the hypersurface

X = (x0y0 + ...+ xnyn − 1) ∼= T ∗S2n+1

and then take the symplectic quotient of X by the S1 action having weights (1,−1, , ..., 1,−1). At a = 0
we get T ∗CPn and at other values of a we get something diffeomorphic but non-exact. So we expect to
see a single non-zero spectral component, and a computation with spin structures (Remark 2.17) tells us
to expect it at λ = (−1)n+1. All other spectral components should be zero.

Moreover, since this S1 is just a 1-parameter subgroup of a rank n + 1 torus T acting on X, we expect
that:

WT (X)(λ0,...,λn)
∼=

{
WT/S1(T ∗CPn)(λ1,...,λn) for λ0λn = (−1)n+1

0 for λ0λn 6= (−1)n+1
(2.15)

We have a projection

π = (x1y1, ..., xnyn) : X → An

which exhibits X as an algebraic torus fibration as in Conjecture A, degenerating over a ‘simplex’ of
hyperplanes:

D =

n⋃
i=1

{zi = 0} ∪ {z1 + ...+ zn = 1}

After quotienting by S1 we get a similar picture for T ∗CPn (but now this is a slight generalization of the
construction in Conjecture A). The complement An \ D of this hyperplane arrangement can be viewed
as a higher-dimensional analogue of the pair-of-pants.

The toric mirror to X is Cn+2
p̆,y̆0,...,y̆n

× (C∗)n+1
s0,...,s1 with

W̆ = p̆y̆0...y̆n +

n∑
i=0

(1 + si)y̆i (2.16)

where the (S1)n action on X is mirror to the given C[s±1
0 , ...., s±1

n ] structure. If we set all si = −1 this
reduces to MF(p̆y̆0...y̆n) which was proven by [18] to be the mirror to An \ D. So this agrees with our
Conjecture A.

To get the mirror to T ∗CPn we should restrict to the divisor {s0...sn = (−1)n+1}, this gives:

W̆ ′ = p̆y̆0...y̆n +

(
1 +

(−1)n+1

s1...sn

)
y̆0 +

n∑
i=1

(1 + si)y̆i

If we’re prepared to forget the information of the torus action then we can simplify this considerably. The
critical locus of W̆ ′ is contained in {si = −1,∀i}, so by completing at that locus and repeated applications
of (2) we can reduce this to the model:

C2
p̆,y̆, p̆y̆n+1

So the claim is that

W(T ∗CPn) ∼= MF(p̆y̆n+1)

and it would not be very hard to verify this directly.14 But this description obscures the C[s±1
1 , ..., s±1

n ]
structure.

14The Lagrangian CPn should map to the structure sheaf along p̆ = 0, and the cotangent fibre to the structure sheaf along

y̆ = 0.
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Remark 2.17. An S1 action on Sk induces a Hamiltonian S1 action on X = T ∗Sk, and then the invariant
Lagrangian sphere in X defines an object of either WS1(X)1 or WS1(X)−1 as explained in Remark 1.4.
To see if it’s +1 or −1 we need a simple computation with spin structures, generalizing the one we did
for T ∗S2.

Alternatively, following Remark 1.9, we can ask whether the Lagrangian correspondence Γ gives us an
object of WS1(X ×X//S1)1 or WS1(X ×X//S1)−1. But this is the same computation.

The frame bundle of Sk is (up to homotopy) just SO(k + 1), and the unique spin structure on Sk is the
double cover Spin(k + 1)→ SO(k + 1). Suppose our S1 action on Sk is a subgroup of SO(k + 1) which
rotates a plane and fixes the orthogonal k − 1 subspace. The induced action on the frame bundle is the
obvious one, and orbits are non-trivial elements of π1(SO(k+ 1)). It follows that, for this S1 action, the
Lagrangian sphere gives an object of WS1(X)−1.

But now suppose that k = 2n+ 1 is odd and we take the free S1 action on Sk. Since this rotates n+ 1
orthogonal planes the resulting orbits in the frame bundle are contractible if and only if n + 1 is even,
and it follows that the Lagrangian sphere gives an object of WS1(X)(−1)n+1 .

We should be able to handle any hyperkähler quotient of a vector space by a torus using the methods of
the previous two examples.

Example 2.18. Let Y be the cotangent bundle to the blow-up of CP2 in a point. We can construct Y
as a hyperkähler quotient of C8 by (U(1))2 acting with weights:(

1 1 1 0 −1 −1 −1 0
0 0 1 1 0 0 −1 −1

)
So it’s the symplectic quotient of the 6-dimensional affine variety

X = {x1y1 + x2y2 + x3y3 = α, x3y3 + x4y4 = β} ⊂ C8

(for generic α, β) by a rank two torus. Projecting to A2 with (x1y1, x2y2) exhibits X as an algebraic
torus fibration, degenerating over a divisor which is the union of four hyperplanes:

D =
{
z1z2(z1 + z2 − α)(z1 + z2 + β − α) = 0

}
The toric mirror to X can be constructed using the heuristics of Section 2.1, the first step is pass to an
LG model on C10. The result is the toric variety

Tot
{
O(−1)⊕2

p̆,q̆ → P1
ŭ:v̆

}
× C3

y̆1,y̆2,y̆3 × (C∗)4
s,s2,s3,s4 (2.19)

with the superpotential:

W̆ = q̆ŭy̆1y̆2 + p̆v̆y̆3 + (1 + s1)y̆1 + (1 + s2)y̆2 + (1 + s3)y̆3 + (1 + s4)q̆v̆

Now suppose that α and β are both real, so that D is the complexification of a real hyperplane ar-
rangement, and suppose further that β > α > 0. Then we can cut A2 \ D into two open sets, one
the complement of a triangle of hyperplanes and the other the complement of a square of hyperplanes,
c.f. [23, Example 2.1.5]. The first open set is topologically a ‘4d pair-of-pants’, this is the hyperplane
arrangement that arises from T ∗CP2 as we saw in the previous example. The second open set is the
cross-product of two copies of the 2d pair-of-pants, this would arise from T ∗CP1 × T ∗CP1.

On the B-side, the variety (2.19) can be covered by two open charts. Let’s set s1 = s2 = s3 = s4 = −1,

leaving only the terms q̆ŭy̆1y̆2 + p̆v̆y̆3 in W̆ . Then on the chart {v̆ 6= 0} we can remove the variables p̆
and y̆3 by heuristic (2) and what remains is exactly the mirror to the 4d pair-of-pants. On the chart
{ŭ 6= 0} we get the cross-product of two copies of the mirror to the 2d pair-of-pants. So at this level, the
decomposition into two open sets can done on either side of the mirror with the same results.
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However if we repeat the B-side discussion without setting the si’s to -1 then the second chart is not
a cross-product, reflecting the fact that Y is not actually the union of T ∗CP2 and T ∗CP1 × T ∗CP1.

The procedure of ‘cutting into open subsets and regluing’ has been used previously to understand mirror
symmetry in various situations. The preceding example suggests that mirror symmetry for hypertoric
varieties could also be approached this way, and it would be interesting to develop this into a general
story.

2.5. Beyond torus fibrations. We conclude with two examples which are not algebaric torus fibrations,
but do fit into the more general framework of Section 1.2, although the manifolds involved are not
Liouville.

Example 2.20. Let X = CP1 × CP1 with the diagonal S1 action:

(x : y, z : w) 7→ (λx : y, λz : w)

The moment polytope is an interval, and for a generic value in the interval the symplectic quotient is
CP1. But there is one singular value in the interior of the interval. The smooth locus of the singular fibre
is U = S1 × C∗, so U/S1 = C∗.
If we want to think of this as a torus fibration the best we can do is to take the rational map:

π = xw :yz : CP1 × CP1 99K CP1

Away from the two base points this is a rank one algebraic torus fibration with two singular fibres.

The mirror to X is the LG model (C∗)2
x̆,z̆ with W̆ = x̆+ 1/x̆+ z̆ + 1/z̆, and the mirror to the S1 action

is σ = x̆z̆. Changing co-ordinates gives:

(C∗)2
x̆,s, W̆ = (1 + s−1)x̆+ (1 + s)/x̆

If we restrict to a generic value of s we get the mirror to CP1 (with some particular coefficients). But at
s = −1 we get C∗ with a zero superpotential, as predicted by Conjecture B.

This example is obvious a compactification of Example 2.3, and this mirror is obviously a deformation of
that mirror. A slightly more interesting observation is that we can delete the locus {xw = yz} and get
an honest rank 1 algebraic torus fibration over C with two critical points, and this is symplectomorphic
to T ∗S2. So we expect this example to also be a compactification/deformation of Example 2.8. On the
mirror this is certainly true: we can deform (2.10) to

W̆ = y̆p̆(ŭ− h) + (1− s)(y̆ − p̆)
and then for a generic value of h this is equivalent to (C∗)2 with a superpotential (1 + s)(y̆ − h/y̆).

Example 2.21. Consider the variety X = KCP1 , which we can get as a symplectic quotient of C3
x,y,p by

S1 acting with weights (1, 1,−2). It is diffeomorphic, but not symplectomorphic, to T ∗S2.

Now consider the S1 action on X induced from the action with weights (−1, 0, 1) on C3. This preserves
the projection:

π = xyp : X → C
This is not quite the setup of Conjecture A because a generic fibre of π is C∗, but the fibre over 0 is
the toric boundary of X and this has two nodes. For a generic value of the moment map the symplectic
quotient is C, but there are two singular values, each singular fibre containing one of the nodes.

The mirror to X is (C∗)2 with

W̆ = x̆+ p̆+
p̆2

x̆

and the mirror to the S1 action is σ = p̆/x̆. Changing co-ordinates gives W̆ = (1 + s+ s2)x̆.
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So at a generic value of s we get the mirror to C, and at the two roots of the quadratic 1 + s+ s2 we get
C∗. This is as predicted by (1.7) and Conjecture B. If we complete MF((C∗)2, W̆ ) at either of the two
special values of s we get a copy of the relative Fukaya category W(C, {0}), which fits with Remark 1.24.

This example is really a degeneration of T ∗S2, the two critical points of the fibration have collided. The
hyperkähler perspective of Example 2.11 makes this explicit - to get KCP1 instead of T ∗S2 we set the
complex moment map to zero and take the symplectic quotient of the singular hypersurface:

Y = (xy + zw) ⊂ C4

On the mirror side the fact that Y is singular is not a problem. Removing the constant term from the
equation just causes us to delete the divisor p̆ = 0, so the mirror to Y is C2

y̆,w̆ × (C∗)3
p̆,s1,s2

with the

superpotential (2.13). To get the mirror to X we set s1s2 = 1, and after using heuristic (2) to remove
two variables we recover the mirror we just found.

The previous example suggests that, when studying mirror symmetry for hypertoric varieties, there should
be no problem handing degenerate hyperplane arrangements where multiple hyperplanes coincide.

For our final example we consider a case where the symplectic side is not just a manifold X, but rather a
Landau-Ginzburg model (X,W ). It suggests that we can apply all of the ideas of Section 1 to this more
general situation.

Example 2.22. As in Example 1.12 we take X = C2 with the S1 action having weights (1,−1). Now
add the S1-invariant superpotential W = xy.

The presence of W induces a partial compactification of the mirror (2.4) that we found in Example 2.3.
It’s easy to compute that the result is: (

Cy̆ × C∗s, (1 + s)y̆
)

Indeed this has one non-degenerate critical point, so the category of matrix factorizations is equivalent
to Db(pt), which matches the Fukaya-Seidel category of W .

If we set s to any value λ 6= −1 we get Cy̆ with superpotential (1 + λ)y̆ and the category of matrix
factorizations of this is zero, but for λ = −1 we get Db(C). So mirror symmetry suggests that the
S1-equivariant Fukaya-Seidel categories of W (assuming such things can be defined) will be zero except
the for the component at λ = −1.

The symplectic quotient of X at a regular value is C, and W descends to give the co-ordinate function.
At the singular value our conjectures tell us to replace C with C∗. The Fukaya-Seidel category of (C, z) is
zero, but the Fukaya-Seidel category of (C∗, z) is equivalent to Db(C) (its toric mirror). So the pictures
from mirror symmetry and from symplectic reduction match each other.
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for hypersurfaces. Pub. math. de l’IHÉS 123, 199–282 (2016). arXiv:1205.0053

[2] M. Aganagic, Knot Categorification from Mirror Symmetry, Part II: Lagrangians. Preprint. arXiv:2105.06039

[3] T. Braden, A. Licata, N. Proudfoot, B. Webster Gale duality and Koszul duality. Adv. Math. 225 (2010), no. 4,
2002–2049.

[4] G. Cazassus, Equivariant Lagrangian Floer homology via cotangent bundles of EGN , preprint, arXiv:2202.10097.

[5] A. Daemi, K. Fukaya, Atiyah-Floer conjecture: A formulation, a strategy to prove and generalizations. Modern
geometry: a celebration of the work of Simon Donaldson, 23–57, Proc. Sympos. Pure Math., 99, Amer. Math. Soc.,

Providence, RI, 2018. arXiv:1707.03924

[6] K. Fukaya, Unobstructed immersed Lagrangian correspondence and filtered A infinity functor. Preprint.
arXiv:1706.02131

[7] K. Fukaya, Talk titled “Lagrangian Floer theory of divisor complement and its possible application to gauge theory”
in Mirror Symmetry and Related Topics, Miami, January 28–February 2, 2019.

[8] S. Ganatra, Symplectic Cohomology and Duality for the Wrapped Fukaya Category. Thesis (Ph.D.)–Massachusetts

Institute of Technology. 2012. arXiv:1304.7312
[9] E. Gonzalez, H. Iritani, Seidel elements and potential functions of holomorphic disc counting. Eduardo Gonzalez,

Hiroshi Iritani. Tohoku Math. J. (2) 69(3): 327-368 (2017). arXiv:1301.5454

[10] K. Hendricks, R. Lipshitz, S. Sarkar. A simplicial construction of G-equivariant Floer homology. Proc. Lond. Math.
Soc. (3), 121(6):1798–1866, 2020.

[11] M. Jeffs, Mirror symmetry and Fukaya categories of singular hypersurfaces. Adv. Math. 397 (2022), Paper No.

108116, 36 pp. arXiv:2012.09764
[12] Y. Kim, S-C Lau, X. Zheng. T -equivariant disc potential and SYZ mirror construction. Preprint, arXiv:1906.11749.

[13] A. Lauda, A. Licata, A. Manion, From hypertoric geometry to bordered Floer homology via the m=1 amplituhedron,

Preprint, arXiv:2009.03981
[14] Y. Lekili, M. Lipyanskiy, Geometric composition in quilted Floer theory. Adv. Math. 236 (2013), 1–23.

arXiv:1003.4493

[15] Y. Lekili, M. Maydanskiy, The symplectic topology of some rational homology balls. Comment. Math. Helv. 89
(2014), no. 3, 571–596.

[16] Y. Lekili, T. Perutz, Arithmetic mirror symmetry for the 2-torus. Preprint. arXiv:1211.4632
[17] Y. Lekili, A. Polishchuk, Auslander orders over nodal stacky curves and partially wrapped Fukaya categories. J.

Topol. 11 (2018), no. 3, 615–644.

[18] Y. Lekili, A. Polishchuk, Homological mirror symmetry for higher-dimensional pairs of pants. Compos. Math. 156
(2020), no. 7, 1310–1347

[19] S. Ma’u, K. Wehrheim, C. Woodward, A∞ functors for Lagrangian correspondences. Selecta Math. (N.S.) 24 (2018),

no. 3, 1913—2002. arXiv:1601.04919
[20] D. Orlov, Triangulated categories of singularities and equivalences between Landau-Ginzburg models. Sb. Math. 197

(2006), 1827-1840, arXiv:math/0503630

[21] Y-G. Oh, H. Tanaka, Continuous and coherent actions on wrapped Fukaya categories. Preprint, arXiv:1911.00349.
[22] J. Pascaleff, Floer cohomology in the mirror of the projective plane and a binodal cubic curve. Duke Math. J. 163

(2014), no. 13, 2427–2516. arXiv:1109.3255

[23] N. Proudfoot, A survey of hypertoric geometry and topology. Contemp. Math. 460, 323-338. arXiv:0705.4236
[24] A. Ritter, Floer theory for negative line bundles via Gromov-Witten invariants. Adv. Math. 262 (2014), 1035–1106.

[25] P. Seidel, π1 of symplectic automorphism groups and invertibles in quantum homology rings. Geom. Funct. Anal. 7
(1997), no. 6, 1046–1095. arXiv:dg-ga/9511011

[26] P. Seidel, A long exact sequence for symplectic Floer cohomology. Topology 42 (2003), no. 5, 1003–1063.

[27] P. Seidel, Fukaya categories and deformations, Proceedings of the International Congress of Mathematicians, Vol. II
(Beijing, 2002), Higher Ed. Press, Beijing, 2002, pp. 351–360. arXiv:math/0206155

[28] E. Segal, Line fields on punctured surfaces and twisted derived categories. Preprint, arXiv:2106.05745.

[29] K. Siegel, Squared Dehn twists and deformed symplectic invariants. J. Symplectic Geom. 19 (2021), no. 5, 1189–1280.
[30] C. Teleman, Gauge theory and mirror symmetry. Proceedings of the International Congress of Mathemati-

cians—Seoul 2014. Vol. II, 1309–1332, Kyung Moon Sa, Seoul, 2014. arXiv:1404.6305
[31] D. Tonkonog, The closed-open string map for S1-invariant Lagrangians. Algebr. Geom. Topol. 18 (2018), no. 1,

15–68. arXiv:1504.01621
[32] D. Tonkonog, From symplectic cohomology to Lagrangian enumerative geometry. Adv. Math. 352 (2019), 717–776.

arXiv:1711.03292
[33] C. Woodward, G. Xu, An open quantum Kirwan map. Preprint, arXiv:1806.06717.

https://arxiv.org/abs/1205.0053
https://arxiv.org/abs/2105.06039
https://arxiv.org/abs/1707.03924
https://arxiv.org/abs/1706.02131
https://arxiv.org/abs/1304.7312
https://arxiv.org/abs/1301.5454 
https://arxiv.org/abs/2012.09764
https://arxiv.org/abs/2009.03981
https://arxiv.org/abs/1003.4493
https://arxiv.org/abs/1211.4632
https://arxiv.org/abs/1601.04919
https://arxiv.org/abs/math/0503630
https://arxiv.org/abs/1109.3255
https://arxiv.org/abs/0705.4236
https://arxiv.org/abs/dg-ga/9511011
https://arxiv.org/abs/math/0206155
https://arxiv.org/abs/2106.05745
https://arxiv.org/abs/1404.6305
https://arxiv.org/abs/1504.01621
https://arxiv.org/abs/1711.03292
https://arxiv.org/abs/1806.06717

	1. Introduction
	1.1. Algebraic torus fibrations
	1.2. Hamiltonian reduction
	1.3. Mirror symmetry
	1.4. Recovering the non-equivariant category
	1.5. Relative Fukaya categories
	1.6. Topological S1 actions on categories and the KRS 2-category

	2. Toric mirror symmetry
	2.1. General heuristics
	2.2. Torus fibrations over a torus
	2.3. Torus fibrations over affine space
	2.4. Hypertoric quotients
	2.5. Beyond torus fibrations
	Acknowledgements.

	References

